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Abstract— In this paper, we have given several proofs inequality discovered by Turban for 
Legendre polynomials. A single derivation and some their results were given. We also established 
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I. INTRODUCTION 
In a paper published some time ago, szeg6 [I] has given several proofs of the following — interesting 
inequality discovered by Turan for Legendre polynomials P(x) : 


(1.1) A,(x)=P2(x)-P. (0) P 


n+l 


(x) 20,n21,-1<x<+1. 
Szegö remarks further that inequalities analogous to (1.1) hold also for the ultraspherical, Laguerre 


and Hermite polynomials. Thus for the ultraspherical polynomials Pn (x), the analogue of (1.1) 
reads: 


1 
(1.2) A, (=P. -F a (X) Fin (x) 20,4 > ain >1,| x|<1. 


Where Fna (x) = Paa (x)/ Pana (1). Subsequently, Madhava Rao and Thiruvenkatachar [2] showed 
that an elementary proof of (1.1) may be obtained by merely finding A, (x), which is given by the 
elegant formula 


(13) 4, @=-— 


n(n—-1) 
Similar proofs are also set forth in [2] for the Laguerre and Hermite cases. A simple derivation of 
(1.3) and some other results were given later by one of us [3]. Recently, Szász [4] has derived a 
sharper inequality than (1.2) foro <à <1: 
A(LOF? 
(4) OF) E a r(n)T(24+1) 
(n+4-1)(n+22) ' A+1 T(n+24+)) 
Which, in the Legendre case (A = 1⁄2) reads: 
1- P? 
da en Ge 
(2n-1)(n+]) i 3n(n +1) 


He has also established the following inequality for the Bassel function J,(x) : 


[P (x)}? 


(1.6) J? -Ja (x) J... (x) = J? (x),v 20,-0<x< +00, 
r v-l v+ v+1 f 


The procedure adopted by Szász in deriving (1.4) and (1.6) is based mainly on the respective 
recurrence relations satisfied by Pna(x) and Jy(x). It has the merit of naturally leading to the more 
refined inequalities obtained by him, but the results themselves, when known, should be capable of 
a shorter and more direct proof. We illustrate this in this note by utilising the results of [2] and [3] 
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to rederive the left hand inequality in (1.5) and furthermore, to establish the following estimate for 
An(x) which is at once simpler and more precise than (1.5) : 

2 

-x 


(1.7) < E 
m 


Here the constant 2/nt cannot be replaced by a smaller one. We also set out certain other 
inequalities which are of interest in this context. To this end, we consider the function. By the same 
differentiation method, we establish the inequality: 


(1.8) Z- WJ, a020. y 2-1 
From which we readily deduce (1.6) by using the recursion for Jy (x). On the other hand, for the 
modified Bessel function I, (x) we prove the inequality: 


1 
(1.9) O< FCF OS I) (x), y>-1. 


Finally, we derive some identities where by the inequality (1.2), the analogous inequality for the 
Laguerre polynomials L‘*)(x) and lastly, the inequality (1.6) for Bessel functions are all rendered 


intuitive. These identities deduced merely by means of the respective recurrence relations were 
suggested by a known identity for Hermite polynomials mentioned by Szasz in his paper ([4], P. 
264). Herewith we secure perhaps the simplest proofs of the inequalities in question. 


2. LEGENDRE POLYNOMIALS 
We begin with the left hand inequality in (1.5). In fact, we establish a more complete inequality, 
viZ., 


1- p, (x) 
(2n-1)(n+]1) 
1— P(x) 
n> 
(2n—-1)(n+1) 
Differentiating this twice and using (1.3), we obtain on simplification 


(2.1) An(x) 


(x) 1, (n>1). 


VIA 
VIA 


according as |x| 


(2.2) f, (=A, 


i 2 , nl 
fila) P,P, -a-pe } 
n(n+1)(2n-1) 
Now we know that the roots of P(x) are all real and simple. Denoting them by Xyn (y=1,...,n) , 
Pos tf P=PP € 1 
we have —= —= = 
n 2, x= Xn P? 2, (x Xn y 
Giving 


; 2 n j n 
a = > - = 
CO) LO cin) (ž P, nd ra} 


Where the Pyn are real polynomials defined by 

P(x) = (x == Xyn) Pyn(X), (y=1,. š .n) 
Now by Cauchy’s inequality (2.3) gives f, (x) < 0, so that f, (x) is decreasing for all x. Since 
f,(x) is an event function, f, (x) is an odd function so that f, (0) =0 It follows that f, (x) < O 
according as x < 0, so that fn(x) is increasing x < o, decreasing x > o and has its maximum for x o. 
Since fn(-1) = fa(+1) = 0, (2.1) follows. 
Turning to the right hand inequality in (1.7), we first recall the result which has been obtained in [3] 
by arguing with A,(x) on the basis of (1.3) as we have done above with f(x) on the basis of (2.3), 
that An(x) has its maximum for x = 0. An(x) < An(0) for all x. 
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Now we have 
1.3.5,....(2m —1) 


2.4.6...2m 
Since it is easily seen that m g? T 1/n as m — œ, we find that n A,(0) Ñ 2/n as n> œ. This 


nA,(0O) = 2m g (n = 2m-1 or 2m), with gm = 


establishes the inequality in question as well as the fact that 2/7 is the best possible constant thereof. 
To prove the left hand inequality in (1.7), we make use of the result derived in [3] that the function 


(2.4) Da(x) = PW P-P Paa) 

has its minimum for x = 0 and is connected with An(x) by means of the relation 
(2.5) n (n+1) A(x) = (1-x”) Da(x) 

Herewith we obtain the inequality: 


> > 
(2.6) A(X) 2 (1-x*) An(O) according as |x| 7 1. (n>1). Since we have already seen that nA,(0) is 


1 
a nondecreasing function of n we have nA,(0) = A:(0) 2 We now get the inequality in question 


for -1 <x <+1. Note that for -1 < x < + 1, the lower bound for An(x) furnished by (1.7) is better 
than that given by (1.5), the former being 0(1/n) while the latter is O(1/n’) since, for |x| < 1, P? > 
0 as n > œ. 


3. BESSEL FUNCTIONS 
The Bessel function J,(x) of order y (-2 < y < + œ) is defined by 


a F Ca x y+2n 1 
(3.1) Ha) = XD" z) E aD 
With the understanding that for y < -1 we have written 
Gas (y+n+1).... (y +i] 
roy +[i-7]+1) 
The modified Bessel function Iy (x) is then given by 


Pa C 2 yt+2n 
(3.2) hw =>) a (z) ; 


n=O 


n=0 


,O<n<[-y] 


If we write Jy(x) = xygy(x), then g(x) is an even entire function. It is essential to interpret, in what 
follows Jyk Jysk as (xô) gyk gyk With a similar interpretation for Iyx Ty+x. With this understanding 
consider the function 


(3.3) QOL -Ja Jp) SOY" (87-84 Bar bY 2-1. 
Which is continuous for all x. Substituting for Jyx Jyx in terms of Jy, J , we have 
O(x)=x°S? -0I +xJ OI, =x]. ) 

=(x?-) J’+ rI, 
Now ' (x)=2xJ? +2J' {x J +xJ' +(x -yJ } 

=2xJ° =x? (x) i 
This shows that (x) is increasing for x > 0 and decreasing for x > 0 Since by (=) = 0, we get ,(x) 
2 0, (-00 < x < + œ) with equality only for x = 0. This proves (1.8). 


Now the recursion formula for the Jy gives at once 
(3.4) yJy (Jy + Jy42) = (y+1) J+ (Sy-1 + Jy) 
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Hence, on using the inequality (1.8) just proved, we get 
Y J; E (v+1) Jv- Sve E Ia +V Jia ga Jy Jv+2) > 0, v > 0. 


With equality only for x = 0. Herewith, Szasz’s inequality (1.6) is established. 
To prove the analogous inequality (1.9) for I(x), we use the formula 


mi A+ $ 2 A+u+2n 
(3.5) h(x) I(x) = ba í p ý lee z) >? 


Which one obtains by forming the Cauchy product of the series for I, and I. The inequality to be 
1 
proved now follows from (3.6) : 0 < C3 - Chin Crin < zA C? =v>-1,n 20. Which simply 
; 7 ; 
amounts to 
v+n 1 


0<1- < v>l,n20 
v+n+1 rel. 


The same argument actually proves the following more general inequality: 
2k-1 

83.7) Lra O) ar (x) -Ip (x)D 44 (x) < —- liga (x) Laal) Laa , I<Sk< v+2, 
y+k 


In particular when y is a positive integer n, (3.7) easily gives 


2 
(3.8) InI? l " is 


n 


4. REMARKS ON TURAN’s INEQUALITY FOR Pn(x) and Ly (x) = 

We return for a moment to Turan’s inequality (1.1) for the Legendre polynomials Pa(x). For 
|x|>| the inequality is reversed as has been pointed out in [3]. : 
(4.1) P? (x) —Poa (x) Posi(x) <0, n> 1. [x] > 1. 
In this case, we may prove a generalisation of (4.1) analogous to the left hand inequality in (3.7) 
viZ., 
(4.2) Pn-k+i(x) Pask-1 (x) — Pn (x) Prix(x) < 0, 1<k< n, |x] > 1. 
We first observe that 
(4.3) Pry (x) Pory (x) > 0, 1 <y <n, |x] >1 
To prove (4.2), we use an induction on k and assume (4.2) to hold for some k (1 < k < n). From 
(4.1) for n — k and n+k respectively, we have, for |x| > 1, 

P? P; < Poet Pn-k+1 Po+k-1 Pnik+t 

< Paki Pak Pnek Pnik+1 
By (4.3) and the induction hypothesis. Hence, again by (4.3) 
Pn Paik < Po-k-1 Pn+k+1 

Which is (4.2) for k+1. Since (4.2) is (4.1) for k = 1, the proof of (4.2) is complete. For a different 
proof of (4.2), see [3]. 
For the Laguerre polynomials Ln(x), the analogue of (1.1) reads: 
(4.4) E (x) — Ln- (x) Lori (x) 2 0, n2 1,- <x <+ 
This has been established in [2] for x > 0. We shall now prove that it holds also for x < 0. 
From the explicit representation of Ln(x) viz., 


n n —x v 

(4.5) L= F í l — 
yao AY y: 

It is clear that Ln(x) is an increasing function of n for x < 0; we have, in fact, 
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La(x) — Lni(D = y “A a > 0 for x < 0. 


y=0 
x 


Hence the function I(x) =e 2 La(x) introduced in [2] is also an increasing function of n for x < 0. 
Now for the function 

(4.6) f(x) =È - bea bn = e* (L? — La Lt) 

The following result was derived in [2] : 

(4.7) xf (x) = (ut — ln) (ln-ln-1) 

We therefore have f '(x) < 0 for x < 0. So that f(x) is — decreasing for x < 0. Since f(o) = 0 it follows 
that f(x) > 0 for x < 0. This completes the proof of (4.4). 

Since La(x) > 0 for x < 0 as is obvious from (4.5). 

We have Lnx(x) Lasx(x) > O for x < 0. 

Hence, by the inductive argument used above, for proving (4.2), we get 

(4.8) Loki) Lntk-1(x) — Lnx(x) Lnik(x) > 0, 1S k <n,x <0 


5. ULTRASPHERICAL POLYNOMIALS 
We have generalise part of the results obtained in [3] for the Legendre polynomials to derive upper 
and lower bounded for An, (x) in the case of ultraspherical polynomials. The results will be found 
to be analogous to the inequality (2.6). 
The ultraspherical polynomials Pn, à (x) satisfy the relations 
(5.1) (1-x’) P; = (n+2A-1) Pani, a - nx Par = (n + 2A) x Poa - (n+1) Posi, a and the differential 
equation 
(5.2) (1-x°)P’),, (244+1)xP), +n (n+2A) Pan =0 
If we now recall the definition of An(x), and introduce the numbers 
(5.3) kn = n (n+22) P3, (1) =(n+2A-1) (n1) Pata, (1) Patt, (1) we have 
(5.4) kn, Am(x) = n (n+2A) P? , (x) — (n+2A-1) (n+1) Pn-1(x) Post, 400) 
Substituting for Pp and Pasi, from (5.1) we have 
(5.5) km An. = n (n+ 2A) P*%, - {mxP, , +(1-x’) Pi, }{m+2A) x Pna - (1-x”) P,a} 
= (1-x?) hat 2P +P, 0-A] 
We now introduce the function 
(5.6) Da =P), -P,a Pay, @ 
Substituting for P ae , and P a , from the relations 
(5.7) x= Pay =x Pa a Pj > Pas = Pag + (n+2)) Pm., 
We have 
(5.8) Dna =P), -{xP.,—nP,,} (xP, Hn+2A)P, ,} 
=P, {((1-x P; - 2AxPna} +n (n+20)P?, 
Comparison of (5.5) and (5.8) gives the relation 
(5.9) Kna Ana (x) = (1-x*) Dna (0) 
Let n> 1. Taking derivatives in (5.8) and using (5.2), we have 
(5.10) D =P ,{(l-)P -2AP }+P.,{n(n+2A)P.,-xP ,-2/P na} 


nA nA nA 


222A |v(P',-P,, P,)-P,,P.,| = 
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Now we know that the roots of Pna(x) are all real and simple and lie in -1 < x < + 1 symmetrically 
w.r.t. the origin. Denoting them by x}, (v =1, ..., n) we have 


P,a = 5 1 P,a Ai P, aBa. _ 5 1 
P; (y) P? (7) \2 


y=l x= Xn, A na y=l (x- Xn 


Hence (5.10) may be written 


n (7) 


co 2 x Xx 1 £ 2 Xia 
Dy — 2A zap) > ( My (7) |- 2A Ba di wy 


x= Xi, A x= Xa, A x= Xah 


We now take the roots x‘’) in the form 


-EY, +E when n=2m 


(u=1,...,m) 
-¢%, 0+E when n=2m+1 


Then, in either case, we have 
m sei o 


(5.11) D,,=24 =8Axy Ew pu 
Data ee ee 


Where the P% are real nae defined by 
Paa (x) = 0 -E ) PRO) ) 

From (5.11), we see that 

(5.12) sgn D, , (x) = sgn (Ax) 


Now the following facts concerning the sign of Dna(x) at x = 0, + 1, + can be easily 


1 
verified (- 5 <à #0): 


(5.13) Dna(O) > 0, Dna (+ ©) = (sgn A). œ, Dna (+ 1) > 0. 
From (5.12) and (5.13), we arrive, by a consideration of the graph at the following results: 


-1 
(5.14a) for - F <à <0, Dna(X) is increasing for x < 0, increasing for x > 0 and has its maximum for 


x = 0, resulting in the inequality : Dn a(x) > 0, -1 <x<+1 
Which cannot be reversed for |x| > 1 
(5.14b) for A= 0, Dna (x) is decreasing for x < 0, increasing for x > 0 and has its minimum for x = 0 
resulting in the — inequality Dn (x) > 0 for all x. 

With (5.14a, b), we get (1.2) along with the additional information that when n > 1 the 
inequality (1.2) is reversed for |x| > 1 if and only if à > 0. Moreover, we get the following estimate 
for Ana(x) in- 1 <x<+1: 


1-x’ 1 
SA, ,(%) <(l- xy) A, (0), — AN 


1- A (0O) <A < ,y<0. 
( xy) na (0) na) 1+2A y 


This follows immediately, in view of the relation (5.9), from the result obtained above that 
Dna(x)for |x|<1 is comprised between 


k 
Dn, (0) = kn, An, 0 and An, 1 = nA 
E D= 140A 
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6. SOME IDENTITIES YIELDING PROOFS OF THE MAIN INEQUALITIES. 


I. ULTRASPHERICAL POLYNOMIALS. The Fn,(x) introduced in (1.2) satisfy the recursion : 
(6.1) (n+ 2A) F1. - 2(n+A) x Fna + n Fo-i,, = 0 

With Fo, = 1, Fin, = x. Changing n into n -1, we have 

(6.2) (n+ 2X-1)F,-2(n+A- 1) n Fria + (1-1) Foxy =0,n2 1. 

With F-;,= 0, Fo, = 1. Multiplying (6.2) by Fna, (6.1) 

By Fn-1 and subtracting, we get the relation 

(6.3) (n+2A)= Ana - (n-1) Ania= Fo, a 2x Foi, Fona + Fo, 21 


n,a ? 
With Ao, = 1. Since the right member there is evidently non-negative for |x| < 1, we get the 
inequality: 
(6.4) (n+ 2A) Ana (x) > (1-1) Ania (x), n= 1, be] <1. 


1 
This immediately establishes (1.2) for A > - ra successive induction, and at the same time yields 


the more informative estimate: 
(6.5) Ana (x)= ae (-x,n> 1, {<1 
(1+ 2A)...(n+2A) 
Again, changing n into n + 1 in (6.3), we have 
(6.6) (n+ 20+ 1) An, - n Ana = Fo, a 2x Faria Fna + Fy, 
If we now subtract (6.3) from (6.6) and use the relations (G. (S.1)] 
(6.7) (1-x’) F, = 0 (Fai — x Fna) = (n + 20) (xFaa - Fost.) 


We get 
(6.8) (n+2A41) Antia 2 (n+A) Any + (n-1) An-2,= - 


4A(n+A 2 4? 
Sarre eee, Fi, (n>1). 


Hence the inequality: 


1 
(6.9) (n+2A4+1) (Ani -Ana) 2 or < (n-1) (Any -An-1.), n = 1, according as - s <à <0 orà >Q. 


This gives us the additional information that for all x, Ana(x) is a non decreasing function of n when 
à 0. 


Consider next the polynomials P, 
(6.10)n P, - 2m+A)x P_,,=0,n2 1, with P, =1, P, =2Ax. This follows from (5.7). From 
(6.10), we can easily derive the following relation, just as (6.3) was derived from (6.1) : 

(6.11)n D; ,- (n+2A-1) Dna = P11 -2xB 1 P +P n21, 


With Do, = 0. We can then derive the following relation from (6.11) by using (5.7), just as (6.8) 
was derived from (6.3) by using (6.7) : 
(6.12) (n+1) Da1, -2(n+A)Dn, x. + (n+2A-1) Dn-1,1 = 4A (n+À) P, n20. 


With D-1} = Do, = 0. From (6.12), it is now easy to deduce the following identity we have in view : 


n-l 
(6.13) gna Daa (x)= 44>" Gracia fut | Plo 
y+1 y+2 n i 


4%). They satisfy the recursion: 


+1,4 


y=0 
x! 
Where gn = (n= 1). 
2A (2A +1)...(2A+n-1) 
Herewith, the positivity of Dn, A (x) for all x is rendered intuitive when 4>0. Further more, in view 
of the relation (5.9), we recover the following complement to (1.2) for 4 >0. 
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> > 
(6.14) Ana (x) 2 0 according as |x| - 1. 


1 
In particular for A = 7 (the Legendre polynomial), we have 


ie afi i 1 ; 
6.15) An(x) = + +...+ 2y +1)P ; 
oa) ne Er y+2 aK pee 


We may also mention, without proof, the following identity — which serves the same purpose as 
(6.13): 


n-l n 
(6. 16) Sn Di, (x) =A Sea. -A aa) P, (x) + Qna Py o 


n+ E 


EnA 
n(n+A-—l)(n+A) 
LAGUERRE POLYNOMIALS: The analogue of Turan’s — inequality (1.1) for the Laguerre 
polynomials L® (x) reads: 


(6.17) A® WEM? (oP -AL (x) A@, (0) 20,a >-1,n21 


n+l 


Where AP (x)=L (x)/ LP (0). The A‘ defined here satisfy the recursion: 


With Ona = (n>1),."* having the same meaning as in (6.13). 


changing 


n+l 


(6.18) (a+n+1) A®, - (a+2n+1 -x) A@ +n A@, =On> 1 with A® =1, AP =1-— 
atl 
n into n-1, we have 


(6.19) (a + n) rig —(a+2n-1-x) AM, +(n-HA®, =o,n=1 


n 


Multiplying (6.19) by A‘ , 


with A@ =1, A? =0=1x — 
atl 
(6.19) by A‘ and subtracting, we get the relation 


(6.20) (a +nb +1) A? -(n-1) A®, =A- AP, n>1 
With A‘ = 1. This at once leads to the identity : 


n (a) 

6.21 () AD (x) = fy INOINGA) 2 

( ) 8n n (x) 2 eer y a) 
(a+1)..(a@+n+l1) 


Where g” = Herewith (6.17) is made evident. In particular for a = o (the 
i (n-1)! 


ordinary Laguerre polynomial L(x) ) we have 


(6.22) n+) [E-L La l=® E, -L 
y=1 
It also appears from that is true for -2 < a < - 1 is well. 
II. BESSEL FUNCTIONS: It we put Ay = J/—J, _,J,,, it can rewrite the relation (3.4) already 


noted for the Bessel function Jy (x) in the form 
(y+1) Ay - yAysi = T+ Sd; 


ytl 

This immediately leads to the relation 
n 2 2 

A, Avan — >, Jaya FI iy 

A A+n SA (y+r-D(y+r) 


Since Jy+n(x) > 0 as n> œ, yields the following — series for Ay - 
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2e Ja fe 
Ay = V > y+n-1 y+n 

n-1 (yt+n—l)(y +n) 

What is easily seen to be equivalent to 
7 1 2 2 2 = JE 
dd ad ag J, Jyh ey - Jy-1.0 
yt+l y+2 m (ytn-)Y(ytnt) 

This series representation of Ay is valid unless y is a negative integer, in which cane it holds with - y 
in place of y since Ay is an even function of y for integral values of yı. 
For y = 0, at once disposes of Szasz’s inequality (1.6). It is now all the more significant to note that 
our inequality (1.8), which asserts the positivity of Ay even for -1 < y < 0, is not at all placed in 
evidence by like Szasz’s inequality. 
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